
Dynamic Pareto Optimal Matching

Rudolf Fleischer Yihui Wang

Department of Computer Science
Shanghai Key Laboratory of Intelligent Information Processing

Fudan University, Shanghai, China

E-mail: {rudolf,yihuiwang}@fudan.edu.cn

Abstract

We consider the problem of assigning houses to
agents, where each agent has his own partial rank-
ing of the houses (i.e., a preference list of a subset
of the houses). A matching M is Pareto optimal
if there exists no other matching M ′ such that all
agents have a house in M ′ not worse than in M
and at least one agent has a better house in M ′.
In a dynamic market where agents and houses can
be added or removed at any time, a Pareto op-
timal matching may lose its optimality. In this
paper, we give an O(m) time algorithm to main-
tain a maximum cardinality and Pareto optimal
matching, where m is the total size of all prefer-
ence lists. Furthermore, we show that a Pareto
optimal matching can be transformed to any other
Pareto optimal matching through a certain con-
structed graph in linear time.

1 Introduction

In the house allocating problem, we have a set
of agents and a set of houses. Each agent has a
preference list of a subset of the houses he consid-
ers suitable. The objective is to assign the houses
to the agents and maintain Pareto optimality in
a dynamic market where agents and houses may
be added or removed at any time. Recall that a
matching M is Pareto optimal if there exists no
other matching M ′ such that all agents have a
house in M ′ not worse than in M and at least

one agent has a better house in M ′. We note that
Pareto optimal matchings are not only of interest
for the house allocating problem [1, 13], but also
when we assign primary students to high schools,
graduate students to training positions, etc. [10].

Abraham et al. [3] gave an O(
√

nm) time algo-
rithm to find a Pareto optimal matching of maxi-
mum cardinality, where n is the number of agents
and m is the total length of all preference lists. In
a real housing market, after we found a Pareto op-
timal matching, new agents and new houses may
appear, or some agents may stop doing business
and some houses may be withdrawn from the mar-
ket. In this case, the original matching may not be
Pareto optimal anymore. We could use the algo-
rithm in [3] to find a new Pareto optimal matching
for the new market situation, but it would take a
long time and involve a big change of the match-
ing. Instead, we propose an O(m) time algorithm
to update the old matching in case of changes.

A related one-sided matching problem is the
problem of finding a matching that most people
prefer. Such a matching is called a popular match-
ing [4, 12]. In a dynamic market Abraham and
Kavitha [5] presented an algorithm to convert any
given matching to some popular matching via a
2-step voting path. We present a similar result for
Pareto optimal matchings. Any two Pareto opti-
mal matchings can be transformed into each other
by switching edges along some disjoint cycles in a
specially constructed graph.

Another related criterion is exchange-stability,
first introduced by Alcalde [6] (who called it ξ-



stability). Given a matching, agents can exchange
their houses to improve their utility. A matching
is called ξ-stable or coalition-exchange-stable if no
such exchanges are possible by any set of agents.
In the special case when there exists no two agents
who could improve their situation by exchang-
ing their houses, the resulting matching is called
exchange-stable [7]. Cechlarova and Manlove [8]
showed that the exchange-stable matching prob-
lem where both sides must maintain stability
is NP-hard. Irving [11] showed that it is NP-
complete to decide whether a problem instance
admits a stable matching with the additional ex-
change stability property. This is quite different
from the classical stable matching and one-sided
Pareto optimal (exchange-stable) matching prob-
lem which are all linear time solvable (a Pareto
optimal matching that is not necessarily of maxi-
mum cardinality can be found using a greedy al-
gorithm in O(m) time [1]).

In Section 2, we will give some formal defini-
tions of the Pareto optimal matching problem. In
Section 3 we will propose our dynamic update al-
gorithm. In section 4, we will show how switch be-
tween any two Pareto optimal matchings in linear
time. We conclude in Section 5 with some remarks
and an open problem how to generate efficiently
all Pareto optimal matchings.

2 Preliminaries

An instance of the Pareto optimal matching
problem consists of a bipartite graph G = (A ∪
H,E), where A = a1, a2, . . . , ar is the set of agents
and H = h1, h2, . . . , hs the set of houses. An edge
(a, h) ∈ E denotes that the house h is acceptable
to agent a. Let n = r+s and m = |E|. A matching
M of G is a subset of edges such that no two edges
share a common vertex. We denote the cardinality
of a matching by |M |. For each agent a, there is
a preference list ranking all the houses acceptable
to a. The rank of an edge (a, h) is the rank (or
priority) that agent a has assigned to house h.

We say an agent a prefers matching M2 to
matching M1 if

(a) agent a is matched to some house in matching
M2, but not in M1, or

(b) agent a is matched in both matchings but
likes the house in M2 better than the house
in M1.

If an agent is unmatched in both matchings, he is
indifferent between the two matchings.

Definition 1. A matching M is Pareto optimal
if there does not exist a matching M ′ such that

(a) there is at least one agent who prefers the
house he got in matching M ′ to the house he
got in M , and

(b) no agent prefers the house he got in M to the
house he got in M ′.

�

3 Dynamic Pareto Optimal Matching

In this section, we first review the O(
√

nm) al-
gorithm [3] to compute a maximum cardinality
Pareto optimal matching in the static case. Then
we give our linear algorithm to update the max-
imum cardinality Pareto optimal matching after
some changes in the market.

3.1 Maximum Cardinality Pareto Opti-
mal Matching

If we just want to find some Pareto optimal
matching, we can use the O(m) time greedy algo-
rithm that assigns each agent one of the remaining
houses of highest rank. However, there will usually
be many Pareto optimal matchings of various sizes
for a given instance. Consider for example the
following three preference lists for three agents:
a1 : h1, h2, h3 (h1 is the most favorite and h3 is the
least favorite house); a2 : h1, h2; and a3 : h1, h2.
Fig. 1 shows two Pareto optimal matchings of dif-
ferent size.



Figure 1. Pareto optimal matchings of differ-
ent sizes.

The greedy algorithm cannot guarantee to find
a maximum cardinality Pareto optimal matching.
Abraham et al. [3] gave an O(

√
nm) algorithm

to find a maximum cardinality Pareto optimal
matching, based on Gales’s Top Trading Cycles
Method, which basically executes the following
three steps:

1. Use the Hopcroft-Karp algorithm [9] to find
a maximum cardinality matching M in G.

2. Trade-in-free test: test whether there exists
an agent that prefers an unmatched house to
the one he got in M . If it exists, we change
the matching.

3. Coalition-free test: test whether there
exists some sequence of matched agents
(a0, a1, . . . , ak−1) such that each ai prefers the
house matched by ai+1 to their own house
(the subscripts here are all modulo k). If
there is such a sequence, match each agent ai

to the house that had been matched to ai+1.

The Hopcroft-Karp algorithm takes O(
√

nm)
time to find the maximum matching in a bipartite
graph. Obviously the trade-in-free and coalition-
free tests only take O(m) time. Thus the total
time for this algorithm is O(

√
nm). The correct-

ness is based on the following observation by Abra-
ham et al. [3].

Theorem 2. A matching M is Pareto optimal
if and only if M is maximal, trade-in-free, and
coalition-free. �

3.2 Dynamic Pareto Optimal Matching

Consider a market where agents and houses can
leave or enter the market at any time. In this
section, we give an O(m) time algorithm to update
a maximum cardinality Pareto optimal matching.

Theorem 3. We can maintain a maximum cardi-
nality Pareto optimal matching in O(m) time per
update.

Proof. We must consider four cases: an agent or
house may enter the market, and an agent or house
may leave the market. The two cases where an
agent or house is removed can easily be trans-
formed into a case of an agent or house being
added to the market.

Case 1. A new agent enters the market.
If a new agent a enters the market, we first

check whether there exists a free house acceptable
to a. If yes, we add the edge (a, h) to M , where
h is the highest ranked free house acceptable to a.
Obviously, the resulting matching still satisfies the
three conditions of Theorem 2 and is thus Pareto
optimal. It is also a maximum matching because
the new agent got matched.

If there is no free house acceptable to a, we
try to find an augmenting path from a. An aug-
menting path is a path P = v1, v2, ..., vk with two
unmatched end vertices v1 and vk such that all
the edges on the path satisfy (vi, vi+1) ∈ M if and
only if (vi+1, vi+2) /∈ M for 1 ≤ i ≤ k − 2. Start-
ing at a, we use depth first search to find a path
whose every second edge edge appears in M until
we reach an unmatched house h′. Then we add
to M all the edges on the path that originally did
not belong to M , and we delete from M the edges
that originally belonged to M . See Fig. 2 for an
example.

Now we only need to test the coalition-free con-
dition for the resulting new matching M ′ (and
maybe update the matching if a coalition was
found) to make it Pareto optimal according to
Theorem 2. Since agent a and house h′ had been
unmatched in M and are matched in M ′, we have
|M ′| = |M | + 1, i.e., the new matching is still a
maximum cardinality matching.

If no augmenting path starting at a exists,
the original matching M is still a Pareto opti-
mal matching of maximum cardinality. The time
complexity for computing an augmenting path and
testing the coalition-free condition is O(m), thus
the total time is O(m).



Figure 2. Augmenting path for the new agent.

Case 2. A new house enters the market.
We assume that in this case all agents who

would like to accept the new house will add it to
their preference list.

If a new house h enters the market, we first
check whether there is some unmatched agent
who would like to accept h. If there are several
such agents, we choose an agent which gives the
house the highest rank. Now we need to test the
coalition-free condition (and update the matching
if a coalition has been found).

If no unmatched agent would like to accept h,
we try to find an augmenting path starting from h
and ending in an unmatched agent vertex. Chang-
ing the edges on the path as above gives a new
matching with one more edge (i.e., it is a max-
imum cardinality matching), but again we must
test the coalition-free condition. The time com-
plexity is in this case again O(m).

Case 3. An agent leaves the market.
If the leaving agent is unmatched, the original

matching M is still an optimal one. If a matched
agent a leaves the market, his house M(a) becomes
unmatched. Since the matching M without a is
still Pareto optimal and of maximum cardinality,
we may consider this a case of a new house M(a)
entering the market.

Case 4. A house leaves the market.

If the house is unmatched, the original matching
M is still an optimal one. If the house is matched,
we may consider it as a case of an agent entering
the market.

�

4 Switching Between Different Pareto
Optimal Matchings

We have seen earlier that there may be many
Pareto optimal matchings for a given problem in-
stance. In this section we will use the method
in [2] to construct a directed graph to convert one
Pareto optimal matching to another in linear time.
Furthermore, we will show that any two Pareto
optimal matchings can be transformed into each
other using only one step in linear time through
certain directed graph.

Note that for two arbitrary matchings M1 and
M2 there exists at least one agent prefering M1

to M2, and at least one agent prefering M2 to
M1. Otherwise the matching would violate the
coalition-free condition.

Given a Pareto optimal matching M , we con-
struct a complete directed graph G′ = (A,E′),
where A is the set of all agents. If agent ai is
matched and prefers his matched house M(ai) to
the house M(aj), the directed edge (ai, aj) has
cost 0. If agent ai prefers M(aj) to his own house
M(ai), or if ai is unmatched but can accept the
house M(aj), the directed edge (ai, aj) has cost
−1.

Now we try to find a negative cycle
C = (a1, a2, . . . , al) in G′, i.e., a cy-
cle of total length smaller than 0. We
construct a new matching M ′ = M −
{(a1,M(a1)), (a2,M(a2)), . . . , (al,M(al))}+
{(a1,M(a2)), (a2,M(a3)), . . . , (al,M(a1))}. Since
C is a negative cycle, at least one agent prefers
the new matching M ′ to M . Also, there is at least
one edge in the cycle of cost 0, otherwise M is not
coalition-free and thus not Pareto optimal. Then
at least one agent prefers the original matching M
to M ′. However, the new matching M ′ may not
satisfy the trade-in-free and coalition-free condi-



tion anymore, so we still need to do some trade-
in-free and coalition-free tests.

Now that we know how to use the directed
graph G′ to switch between Pareto optimal match-
ings, we will show that any two matchings can be
converted with a few disjoint negative cycles and
without the need of any other tests.

Theorem 4. Any Pareto optimal matching can be
converted to any other Pareto optimal matching by
augmenting a disjoint set of negative cycles in G′.
�

Proof. Consider two Pareto optimal matchings
M1 and M2, M1 6= M2. Then there must ex-
ist an agent subset A1 = a11, a12, . . . , a1p such
that all the agents in this subset prefer matching
M1 to M2, and there must exist an agent subset
A2 = a21, a22, . . . , a2q such that all the agents in
this subset prefer matching M2 to M1.

We start from agent a11. We assume M2(a11)
has been matched to ai in M1. Then edge (a11, ai)
has cost 0. Suppose ai has been matched to house
h in M2, then there are two cases.

1. ai prefers M1 to M2, which means ai ∈ A1;

2. ai prefers M2 to M1, which means ai ∈ A2.

We continue to find the agent matched to
M2(ai) in M2, let us assume it was aj . Then the
edge (ai, aj) has either cost 0 or −1, depending
on the two cases above. We continue to construct
a sequence of edges. Each time we reach a new
agent vertex it must belong to A1 or A2. Since
A1 and A2 are finite sets, the sequence of edges
must close a cycle. If there are some agents in
A1 or A2 left that do not appear in the cycle, we
arbitrarily choose one agent to start another cy-
cle. In the end, all the agents in A1 and A2 will
form several disjoint cycles. Each of these cycles
must be negative cycles. If there is some cycle
with cost 0, the matching converted from it will
have a cycle with all edges of cost −1 violating
the coalition-free condition. Thus all these nega-
tive cycles belong to the graph G′, which means
we can use graph G′ to convert matching M1 to
M2 or conversely.

The time complexity to adjust the negative cy-
cle is O(n). The trade-in-free and coalition-free
conditions can be tested in O(m) time. Therefore,
the total time needed is O(m). �

Now we know that any two Pareto optimal
matchings can be converted into each other us-
ing one or several negative cycles in G′. If we
arbitrarily choose some negative cycles in G′, it
may result in the new graph violating the trade-
in-free and coalition-free condition. The proof
above shows that any two Pareto optimal match-
ings can be converted into each other without
testinbg the trade-in-free or coalition-free condi-
tion. This might be used to greedily generate all
the Pareto optimal matchings.

5 Conclusion and Future Work

We gave an O(m) time algorithm to maintain
the maximum cardinality Pareto optimality in the
dynamic situation where some vertex of the bi-
partite matching graph may enters or leave arbi-
trarily. We also showed that any Pareto optimal
matching can be converted to another one by ffind-
ing a certain set of disjoint negative cycles in some
directed graph G′.

In Section 1 we mentioned that many problems
about Pareto optimality (or exchange-stability) in
the context of the stable marriage problem are
NP-hard. Thus, to generate all Pareto optimal
matchings it might be helpful to study both the
Pareto optimal problems and related stable mar-
riage problems. In Section 4 we have seen that
some negative cycles in G′ will result in a viola-
tion of the trade-in-free or coalition-free conditions
which would increase the time needed for a conver-
sion. The time for the exchange of houses of the
vertices on the negative cycles is just O(n), but
trade-in-free and coalition-free tests need O(m)
time. When we try to generate all the Pareto op-
timal matchings, these non-trade-in-free or non-
coalition-free negative cycles may also result in
repetitions in the matching enumeration. We leave
it as an open problem to efficiently generate all
Pareto optimal matchings.
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